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Negative phase time for scattering at quantum wells: A microwave analogy experiment

R.-M. Vetter, A. Haibel, and G. Nimtz
Universität zu Koln, II. Physikalisches Institut, Zu¨lpicher Strasse 77, D-50937 Ko¨ln, Germany

~Received 27 June 2000; published 21 March 2001!

If a quantum mechanical particle is scattered by a potential well, the wave function of the particle can
propagate with negative phase time. Because of the analogy of the Schro¨dinger and Helmholtz equations this
phenomenon is expected to be observable for electromagnetic wave propagation. Experimental data for elec-
tromagnetic wells realized by waveguides filled with different dielectrics now confirm this conjecture.
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I. INTRODUCTION

The propagation of a wave packet is determined by
dispersion relation of the medium, e.g., in vacuum a pla
wave propagates with a constant amplitude and a phase
proportional to frequency. In the case of tunneling throug
barrier, the almost constant phase leads to propaga
speeds faster than the speed of light, calculated in@1# and
measured for microwaves, single photons, and infrared l
@2–4#. The exponential attenuation in the tunneling proc
limits the superluminal propagation to very short distance

In the case presented here of particles scattered by a
tential well instead of tunneling through a barrier, Li an
Wang predicted a nonevanescent propagation, even
negativephase shifts@5#. Thus the transmitted signal is a
tenuated due only to reflections at the well’s boundaries
method for simulating the effects of multiple reflections i
side the well using the impulse response function of the s
tem is described in@6#. Negative phase shifts lead to prop
gation with negative group velocities, which means tha
appears as if parts of a pulse are leaving the well before
enter. Recently this effect was demonstrated for stimula
emission, using the fact that the group velocity in the f
quency regime between two closely spaced gain lines
comes2c/310, while the magnitude of the signal was am
plified by 40%@7#.

The potential well, in contrast, shows negative pha
shifts in the frequency region between the highest bo
state inside and the first resonance above the well. As in
case of a Fabry-Pe´rot interferometer, the limiting condition
for signal transmission over large distances is that the
quency band where the effect occurs becomes narrowe
the width of the well increases. However, in an interfero
eter the almost constant phase between two resonance
quencies leads to superluminal but still positive velocit
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@8#. In the well, as a consequence of the frequency b
limitation, only pulses of sufficient temporal width will show
the effect of negative group velocity. The time span betwe
cause and effect can be shortened, but, because of the
pulse duration, cause and effect cannot be interchanged@9#.

We present here an experimental simulation of the qu
tum well by a microwave setup using the analogy betwe
the Schro¨dinger and Helmholtz equations. Applying the st
tionary phase approximation, the peak value of a quan
mechanical wave packet with a mean momentump05\k0
propagates with the group velocityvgr5(dv/dk)uk0

. This
relationship can also be described in terms of classical
chanics byvgr5x/(d/dv)kx5x/t, where particles traverse
the distancex in the timet. The termkx5w describes the
change of phase for the considered distance, and (d/dv)w
5tw is the time necessary for the propagation, called
phase time@1#.

II. SCATTERING AT QUANTUM WELLS

In order to analyze a particle scattered by a potential w
the Schro¨dinger equation must be solved for a potential
sketched in Fig. 1~left panel!. However, the analogy be
tween the Schro¨dinger and the Helmholtz equations~1! al-
lows us to study the same process in an experiment w
guided electromagnetic waves:

F d2

dx2 1
2m

\2 @E2V~x!#Gc~x!50,

F d2

dx2 1
1

v2 @v22vc
2~x!#Gf~x!50. ~1!
FIG. 1. Energy scheme of the quantum well, coefficients, and wave numbers of the wave function~left!; microwave analogy using
waveguide sections with different cutoff frequenciesv0 ,vn ~center!; and the experimental setup~right!: a waveguide of fixed lengthl is
connected to a network analyzer by coaxial adaptors. It partially contains a dielectric medium of refractive indexn, which represents the
quantum well.
©2001 The American Physical Society01-1



nfilled
;
e vicinity
e
ide

R.-M. VETTER, A. HAIBEL, AND G. NIMTZ PHYSICAL REVIEW E 63 046701
FIG. 2. Left: Regions of negative phase timetw in a Teflon well according to Eq.~9!. Depending on frequencyf and well widtha,
negative phase times between 0 and21 ns occur inside the marked regions. The abscissa starts at the cutoff frequency of the u
waveguide at 6.56 GHz; below this frequency only evanescent modes exist in the waveguide. Certain widthsa yield negative phase times
the longer the well, the smaller the frequency band in which negative phase times appear. The region of negative phase time in th
of a50 reaches until approximately 7.6 GHz. Right: TransmissionuFu2 of the well calculated by Eq.~6!. In the case of resonances th
transmission reaches its maximum value 1~0 dB!. Regions of negative phase time~shaded! lie above each resonance. The attenuation ins
these regions is independent of the well width.
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In contrast to the case of quantum mechanics, here the p
and absolute value of the transmitted electromagnetic w
are measurable. Identical boundary conditions for the e
tromagnetic fieldf ~representing theE or H field! and the
wave functionc lead to an analogous solution of the prop
gation problem@10#.

The energy levelV(x) of the quantum well can be con
structed in a microwave experiment by waveguide secti
with different cutoff frequenciesvc(x) @see Fig. 1~center!#.
Applying the analogy, the energy baseline of the well
shifted by a constant valueE05\v0 , which corresponds
with the cutoff frequencyv0 of the first waveguide section
04670
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V~x!5H E0 ,

E02V0 , vc~x!

E0 ,

5H v0 , x<0

vn , 0,x,a

v0 , a<x.

~2!

We use the following ansatz for the wave function@see Fig.
1 ~left!#:

c~x!5H Aeikx1Be2 ikx, x<0

Ceik8x1De2 ik8x, 0,x,a

Feik~x2a!1Ge2 ik~x2a!, a<x.

~3!
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FIG. 3. Absolute valueuFu2

and phasew of the transmission
coefficientF vs frequency for dif-
ferent widths of Teflon pieces
~i.e., wells!. The absolute values
are attenuated due to reflections
the discontinuitiesx50,a and by
cutoff effects; peak values indi
cate resonances. For some widt
(a54.0, 27.0, 47.5, and 71.1 mm!
the phasew drops with increasing
frequency. Solid lines represen
the theoretical phase progressio
~7!. To achieve a clear representa
tion, the phase curves are arrang
in ascending order of the wel
widths.
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This leads for energiesE.E0 to wave propagation with the
real wave numbers

k5
1

\
A2m~E2E0! and k85

1

\
A2m~E1V02E0!.

~4!

Boundary conditions for the wave functions and their fi
derivatives atx50 and a determine the unknown coeffi
cientsA,B,...,G of Eq. ~3! ~see@11#!. Our definition ofc for

FIG. 4. Phase timetw obtained from numerical derivation of th
measured phase data of Fig. 3 and theoretical phase times~solid
lines! calculated by Eq.~9!. The curves for the well widthsa
54.0, 27.0, 47.5, and 71.1 mm show negative phase times at
quencies near the cutoff frequency of the unfilled waveguide.
nonvanishing resistance of real waveguide walls, especially nea
cutoff frequency, may cause the experimental deviations from
theoretical results.
04670
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x>a implies that the complete phase shift inside the w
occurs only in the coefficientsF and G. Assuming an inci-
dent wave atx50, we setA51 andG50 and find

F5Fcosk8a2
i

2 S k8

k
1

k

k8D sink8aG21

. ~5!

Thus, the transmission of the well is given by

uFu25F11
1

4 S k8

k
2

k

k8D
2

sin2 k8aG21

, ~6!

and the complete phase shift of the transmitted wave ax
5a becomes

w5arg~F !5arctanF1

2 S k8

k
1

k

k8D tank8aG . ~7!

This formula is valid for both quantum mechanical and ele
tromagnetic wells, while the phase timetw5dw/dv
5(dw/dk)(dk/dv) depends on the dispersion relationk(v)
of the well in question.

III. SCATTERING IN WAVEGUIDES

Inside the waveguide the wave numbers obey the dis
sion relations

k~v!5
1

c
Av22v0

2, k8~v!5
n

c
Av22vn

2, ~8!

where c/n5v is the phase velocity in the medium. In th
experimental setup a rectangular waveguide of lengtl
5250 mm is used, which is partially filled by a dielectr
medium of refractive indexn @Fig. 1 ~right!#. The cutoff
frequencies of the empty and filled waveguide sections
v05pc/b and vn5pc/nb, respectively, whereb is the
width of the waveguide. TheX-band waveguide used (b
522.86 mm) has the cutoff frequencyf 05v0/2p
56.56 GHz; filled with Teflon (n51.432) the cutoff fre-
quency becomesf n5vn/2p54.58 GHz. Thus, the energ
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FIG. 5. Left: Regions of negative phase tim
tw for wells made of Perspex, according to E
~9!. The measurements were performed for t
frequency interval between 6.6 and 8.0 GHz a
for the well widthsa56, 18, and 24 mm. The
wells of widtha56 and 24 mm fulfill the condi-
tions for negative phase time. Right: Transmi
sion uFu2 of the Perspex well.
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levels of the quantum well correspond toE05\v0
527.1meV andV05\(v02vn)58.2meV. The phase time
tw , which describes the propagation of the maximum o
wave packet in the stationary phase approximation, is

tw5
dw

dv

5
av

c2k

2n2k2~k821k2!2~k822k2!k08
2 sin~2k8a!/k8a

4k2k821~k822k2!2 sin2 k8a

~9!

with constantk08
25k822n2k2. The high frequency limit@13#

of Eq. ~9! for k,k8→` is tw5(a/c2)(v/k). With the phase
velocity vph5v/k and the group velocityvgr5a/tw , Eq. ~9!
results in the well known relationshipvgrvph5c2 for
waveguides.

In Fig. 2 ~left panel! we plotted the regions of negativ
phase time depending on well widtha and frequencyf ac-
cording to Eq.~9!. The frequency range was chosen from t
cutoff frequency of the empty waveguide 6.56 up to 6
GHz. The right diagram shows the transmission~6! of the
well. Resonances occur fork8a5np where the transmission
becomes 1, or, using Eq.~8!, for the frequencies

f n5F S c

n

n

2aD 2

1 f n
2G1/2

~10!

with n51,2, . . . andf n. f 0 . By increasing the width of the
well a the resonances are shifted to lower frequencies
resonance shifted below the cutoff frequencyf 0 turns into a
bound state and the frequency regime close above this
shows a negative phase progression.
04670
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IV. MEASUREMENTS IN TEFLON WELLS

To verify the predictions we filled the waveguide wit
tight-fitting pieces of Teflon. Some of the pieces had wid
that fulfilled the condition for negative phase time, lying i
side the marked regions in Fig. 2, while other pieces sho
not show negative phase times because their widths lie
between.

For each piece of Teflon, the scattering parameterS21 for
the transmission of the partially filled waveguide, which
defined as the ratio of the transmitted to the incident wa
was determined in the frequency domain. The measurem
were performed with a network analyzer HP-8510, whi
allows an asymptotic measurement by eliminating undes
influences of the electrical connections by a calibration w
two reference planes@Fig. 1 ~right!# @12#. The measured
transmissionS21 has to be corrected by a factor describi
the change of phase inside the unfilled waveguide section
total lengthl 2a:

F5S21e
2 ik~ l 2a!. ~11!

With this operation, the reference planes in Fig. 1~right! are
shifted to the surfaces of the Teflon block. We used the m
sured transmission function of the unfilled waveguideS21

ref as
a reference. Thus, the total phase shift inside the medi
which should comply with Eq.~7!, is obtained from the mea
sured data by

w5arg~S21!2~ l 2a!arg~S21
ref!. ~12!

Figure 3 showsuFu2 and the phasew of F for microwave
transmission as a function of frequency across the well
different widthsa. Maxima in the transmissionuFu2 indicate
resonances; the theoretical values~10! for the wells of width
a562.6 and 82.3 mm aref 356.80 andf 456.85 GHz, re-
spectively. Fora538.7, 62.6, and 82.3 mm the phase i
o-
z

s-
d

d
e
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FIG. 6. Measured phase~left!
and deduced phase time~right! for
the Perspex wells. The phase pr
gression is negative up to 7.1 GH
for the well of width a56 mm
and up to 6.7 GHz for a
524 mm. The oscillations around
the theoretical curves~solid lines!
are caused by an impedance mi
match between the waveguide an
the connectors. The well widtha
518 mm lies outside the marke
regions of Fig. 5; here, the phas
shows a normal positive progres
sion.
1-4
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NEGATIVE PHASE TIME FOR SCATTERING AT . . . PHYSICAL REVIEW E 63 046701
creases with increasing frequency, while fora54.0, 27.0,
47.5, and 71.1 mm the phase decreases near the cutof
quency.

The phase timetw5(2p)21dw/d f was calculated from
the measured data by numerical derivation. Figure 4 pres
the results for the phase time for transmission of the differ
Teflon pieces. For the well widthsa54.0, 27.0, 47.5, and
71.1 mm, negative phase times appear, while the other w
show the normal behavior of a positive phase progress
The frequency intervals with negative phase times are in
agreement with the predicted intervals in Fig. 2.

V. MEASUREMENTS IN PERSPEX WELLS

To add further credibility to the measured negative ph
times we modified the well depthV0 by using Perspex as a
alternative dielectric medium withn51.6, f n54.10 GHz,
and V0510.2meV. According to Eq.~9!, negative phase
times are expected now for smaller well widths but f
broader frequency bands~Fig. 5!. Measurements were pe
formed from 6.6 to 8.0 GHz and for well widthsa56, 18,
and 24 mm; the wellsa56 and 24 mm should show negativ
phase times. The measured phase progression in Fig. 6~left!
and the deduced phase times~right! are also in good agree
ment with the theoretical predictions for the Perspex we
ys
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~thin lines!. Although the well widtha518 mm lies close to
a region of negative phase time, the measured phase pro
sion of the well is clearly positive. This demonstrates ho
closely the appearance of negative phase time depends o
width of the potential well.

VI. CONCLUSIONS

The formal analogy between quantum mechanical a
electromagnetic scattering has been investigated with mi
waves. Theoretical studies@5# predicted negative phase time
for certain well widths if the energy of an incident particle
less than half the well depth. In fact, our measurement
two different well depths show the predicted negative ph
times. We have demonstrated the effect of negative ph
time for potential scattering in a microwave analogy expe
ment.
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